A, = vacuum wave length of light

v, = frequency observed by particle

v; = incident frequency

vs = scattered frequency

Orp = solid angle at aperture

¢ = angle between incident and scattered wave
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The Laminar Boundary Layer on a Moving
Continuous Flat Sheet Immersed in a

Non-Newtonian Fluid

V. G. FOX, L. E. ERICKSON, aond L. T. FAN

Kansas State University, Manhattan, Kansas

The laminar boundary loyers on a moving continuous flat surface in non-Newtonion fluids
characterized by the power law model are investigated using exact and approximate methods.
Both pseudoplastic and dilatant fluids are considered. Numerical solutions of the boundary-
layer equations are obtained for values of the parameter n in the power law model ranging
from 0.1 to 2.0. An integral solution of the momentum equation, which can be used to obtain
values of the dimensionless shearing stress that are in good agreement with the exact values,

is developed. An integral solution to the energy equation is also presented.

Non-Newtonian fluids are becoming increasingly im-
portant industrially. This increasing importance supplies
the motivation for solving the boundary-layer equations
for non-Newtonian fluids. In this paper the laminar bound-
ary layer on a moving continuous flat surface is investi-
gated for the case of a purely viscous fluid and zero trans-
verse velocity at the surface. The boundary layer momen-
tum equation is solved by an exact method and also by
an integral method. Solutions for the boundary layer
energy equation are obtained by an integral method. The
boundary layer on a moving continuous surface in a
Newtonian fluid was previously investigated (9, 11).
However, to the best of the authors’ knowledge, no such
investigation has been carried out for a non-Newtonian
fluid.

V. G. Fox is at the University of Denver, Denver, Colorado.
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The non-Newtonian fluid model used in this study is
the power law model (Ostwald-de Waele fluid) with the
parameters defined by

eV e

Both pseudoplastic and dilatant fluids are considered and
solutions of the boundary-layer equations are obtained for
values of the parameter, n, from 0.1 to 2.

The power law model, Equation (1), has been shown
to be valid for a large class of non-Newtonian fluids (I,
3). In order to develop the expression for 7y,

ou | *1 du
ay ay

from Equation (1) it is necessary to assume that du/ay is
much larger than all other velocity gradients. This iy the

(2)

e = —K
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same assumption that is used in deriving the boundary-
layer momentum equation.

Acrivos, Shah, and Peterson (1) have studied a similar
problem for flow past external surfaces. Their statements
about the limitations of the power law in the boundary-
layer theory apply equally well to the case of continuous
moving surfaces.

For fluids characterized by n < 2, the characteristic
Reynolds number for a power law fluid,

_ pUp2 ™
T K

can be made as large as one pleases by increasing the
velocity of the moving surface, Uy. Since a large Reynolds
number is a prerequisite of flow of the boundary layer
type, the boundary-layer equations will be valid for high
plate velocities.

For n > 2 the situation is reversed. Although this case
is mathematically interesting no real fluids have been
found that can be characterized by values of n in this
range.

NRe (3)

EXACT SOLUTION

Consider a steady, two dimensional, incompressible
flow on a continuous flat surface moving with a constant
velocity in a fluid medium at rest as shown in Figure 1.
The adopted frame of axes is stationary with its center
point (at x = 0) located at the slot. The positive x axis
extends parallel to the surface and in the direction of its
motion. For the upper part of the surface the positive y
axis originates at the surface (y = 0) and extends up-
ward. For flow next to a moving continuous surface,
ou/dy = 0. Equation (2) can, therefore, be written as

F} n
e = K "‘—as') (4)

Using this relationship, the momentum boundary-layer
equation becomes

ou ou —K 38 du \"
u——+u——=—————(*—-——-——) (5)
ox dy p Oy oy
The boundary conditions are
u=U;, v=0 at y= (6)
u->0 as y-> o (7)
u=0 at x=0 (8)
A stream function, ¢, defined by
n = _a.‘f_’ V= — .19.‘.1-‘_ (ga)
oy ox

fo/ffffff . U
~._4 v v v
\\\
/f?;~_____

lot 7 Continuous
Sto / / surface

Fig. 1. Boundary layer on a moving continuous flat surface.
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and of the form

U
¢={-y—ni () (9b)
with 7 defined as .
b 7T
=9 5} (10)

is introduced to satisfy the equation of continuity.
The equations of continuity and momentum can now be
transformed into a single ordinary differential equation

n(n+ Df”"—f(—f)2"=0 (11)
with the boundary conditions,
f=0 at n=0
f=1 atp=20 (11a)
=0 as 7>

Klamkin (6) generalized a procedure first set forth by
Topfer (10) for changing boundary value problems into
initial value problems. However, the boundary conditions
on Equation (11) are not quite of the form that allows
such a transformation, and Equation (11) must be solved
by a trial and error procedure if forward integration is to
be used. Another difficulty associated with Equation (11)
is that the range of the independent variable is infinite.
For any numerical solution this necessitates choosing a
particular finite value of the independent variable at which
the boundary conditions may be approximately satisfied.

The problem associated with the infinite range of the
independent variable can be surmounted by a transforma-
tion suggested by Cohen and Reshotko (2). The trans-
formation of Equation (11) is accomplished by substitut-
ing g(¢) for f”(n) where £ is defined by

¢=f(n) (12)

Equation (12) allows the boundary conditions expressed
at 7 = 0 to be expressed at ¢ = 1 and the boundary
condition at y = o at £ = 0. The transformation of
Equation (11) from v space to ¢ space follows.

The chain rule of differential calculus gives

4 _H 4 it _gL
T a =W (o)
Using the above relation, one can write
ar’ dg
"o 1 — 2 ’ 4
f dq, g(é) pr g(é) g'(¢) (14)
and ”
K ¢ &idéy
f=f0 f,(t)dt= lm (14(1)

Putting these results into the momentum equation,
Equation (11), gives

dg ¢ Ldéy
— 1 - n-1_2 _. ———n 15
n(n+1)(—g) Z =Y @) (15)
Separating variables and integrating yield
¢ 1 Exdfy }
D (—g)r = — =22 16
(n+1)(~g) fo{fflg(&) de (16)

The limits on the integrals have been chosen so that
g=0at¢ = 0.

The integrals in Equation (16) were evaluated by
Picard’s method of successive approximations (5, 8).

An asymptotic analysis presented in a later section
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predicts that lim f(y) = oo for n = 0.5. Thus the inte-

grand of the outer integral of Equation (16),
f 1 §ydés
b1 g(£s)
may be undefined at £; = 0 for n = 0.5. This difficult
can be overcome by rewriting the equation for dg/
[Equation (15)] as
dg 1
d¢ n(n+1) !t g(é)
Integrating and applying the boundary condition, g = 0
at ¢ = 0, yield

(—g)t- ¢ udéy

1 ¢ydés

agE) o

(17)

Equation (17) was used to obtain values for g(¢) for
n <1

The primary boundary layer property, the shearing
stress at the wall, as well as the momentum thickness can
be obtained from the momentum equation in the velocity
plane. The dimensionless shearing stress at the wall is
obtained from Equations (4), (9), and (10) as

-n

n+l
_ o [pUg™ Y n
'rw—m{ Kx } = (—f)"=[ g(l)](ls)

The momentum thickness is obtained from Equations (9)
and (10) as

1 ¢ .
g(¢) = mj; [—g(&) ]!

4-Or
.3-5 I
(7]
w
®
N
w30
o
c
ﬁ.:
o
o w25 A
@£
c (7,
% =
:::;’ =]
hes = 2.0+
Ew
=4
© £
Eorst
£<
0 -
o e
-— 1.OF
c E °
Sw
wn O
c O
oq
Ewnoy
oo
o A A 1 A ]
0 0.4 0.8 1.2 1.6 2.0

n

Fig. 2. Boundary layer parameters for a moving continuous flat sur-
face immersed in a power law fluid.
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Fig. 3. Velocity profiles for a continuous flat surface immersed in
a power law fluid.

-1

n+l
1 = pUA T -
Tz “2dy={ e } .’:, (£)2dn (19)
Completing the integral of Equation (19) yields an ex-
pression for the dimensionless momentum thickness, , as
1

m =

n+l

0= om{ PUfz_"} = (n+ 1) (—f)"

Kx
= (n+1)[—g(1)]" (20)

Furthermore, the dimensionless displacement thickness,
A®, can be written in terms of the dimensional displace-
ment thickness, 8* where

® 4 PUfZ_"
'o““:j0 —U:f-d ={ Kx

1

-1

:‘-—1_ )
} fo fdy

n+l

U ' gdg
“:8*{’) } = ‘ p—
vy o hi e

The integral appearing in the equation for A* is similar
to the inner integral appearing in Equation (16). The
value for this integral is determined in the process of
solving Equation (186).

Values for the dimensionless shearing stress at the wall,
momentum thickness, and displacement thickness are
shown as functions of % in Figure 2. Velocity profiles for
n = 0.1, 0.5, 1, and 2 are plotted in Figure 3. The profile
for n = 1 corresponds to the Newtonian (4) and the com-
putation of the profile for n = 2 requires a special con-
sideration described later.

ASYMPTOTIC BEHAVIOR OF f(n) AS n—
An asymptotic form for f, f, and f” can be obtained
from a solution of Equation (11),
A(n+1) 7 —f(—f)r =0
for large values of #. Since f which represents the di-
mensionless velocity is always greater than zero and since
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0.2f

0 | 1 1 ]
0 0.5 1.0 1.5 2

n

Fig. 4. Comparison of exact and approximate dimensionless velocity
gradients for continuous moving flat surfaces immersed in power
law fluids.

f = 0 as = o0, one can assume that f is bounded. The

asymptotic value of f (denoted ﬂ can be written as

Fn) =M + F(n)

where M is the least upper bound of?: Note that ]"Y () <
0

' Equation (11) becomes for large values of 5

(22)

n(n + L — M(—fi")2 " = (28)

Solutions of Equation (23) can be obtained by standard
techniques (1). However, the results of interest are

n

~ (n+1) [ (1—n)Mnq

f= M {n(n+1) +Cl} o
1<n=2 (24)

and

N (n+1) \2/ —n (1—mn)Mny

f1=( v, ) (2n—1 ){ n(n + 1)

2n-~-1

n—1

+C1} +Cs 0<n<05 (25)

= (25 (52 Vel S5

+Cs, n=05 (26)

Equation (24) shows that as 4 = o, the magnitude of
the term containing 4 becomes very large. Therefore, for
1 < n =2, a function for the asymptotic value of f that
satisfies Equation (11)

n(n + 1) —f(—7)2" = 0
along with the boundary condition
=0 as

7> 0
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cannot be found. An analytical solution of Equation (11)
for n = 2 leads to the same result.

In order for the solution to the boundary layer equa-
tion, Equation (11), to be meaningful for values of the
parameter 1 < n = 2 the boundary condition imposed on

’

f=0 as 7> 0,
must be changed to

f =0 at n=mx

/=0 at ag=n

where 7. is a constant. The numerical values of exact
velocity profiles given in Figure 8 are based on this set of
the boundary conditions. This phenomenon of a finite
boundary layer thickness has not been encountered in the
study of Newtonian fluids. Physically, it is doubtful that
any real fluid behaves in this manner. The result of a
finite boundary layer can probably be attributed to the
failure of the power law model for dilatant fluids to de-
scribe properly the relationship between the stress tensor
and the velocity gradient over the range of the velocity
gradient encountered. Equations (25) and (26) show
that f; does not approach zero as % approaches infinity
for n = 0.5. The assumption made in deriving these equa-
tions was that f; is bounded; however, this assumption
has been contradicted for n = 0.5 and is not entirely un-
expected, At low values of n the power law model pre-
dicts high apparent viscosities at low shear rates. Thus
plug flow is approached in the boundary layer and the
boundary layer becomes very thick.

APPROXIMATE SOLUTION

The behavior of a laminar boundary layer on a flat
sheet immersed in a power law non-Newtonian fluid can
be approximated by the use of an integral momentum
method. The method used here is the traditional Phol-
hausen method with a polynomial profile.

0.8}

0.6 -

0.4

Approximate

0.2+

Fig. 5. Comparison of exact and approximate dimensionless wall
shearing stress for continuous flat surfaces immersed in power
law fluids.
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0.8
n=0.1

0.6

0.4 <—Approximate

U/u,

0.2r

0

0 1.0 2.0 30 4.0 5.0
n

Fig. 6. Comparison of the exact velocity profile with the profile
obtained using the integral approximation for fluids with n = 0.1.

Integration of the continuity equation gives

o=, (&) ay (27)

Substituting this expression for v into Equation (5),
multiplying the resulting expression by (dy) and subse-
quently integrating from y = 0 to y = h, where h is out-
side the momentum boundary layer, give

d (" K( ou )"
2y = e | — —— 28
dx fo uay o W | w (28)

The velocity profile approximated by a fourth-order poly-
nomial

—£]‘7= 1—2 (i;-) +2 (-‘Z—)s - (—8‘1/—)4 (29)

satisfies the boundary conditions

u="Us at y=10

du

—=0 aty=0

dy?

u=0 at y=23 (80)

-‘—?l = at y =28

3y

iu- =0 at y=23

y?
This velocity profile gives, when substituted into Equation
(28),

126 K
o B [126) K (1)
dx 23 | pUg—"

The boundary condition for this expression is

8=0 at x=0
The solution of Equation (31) is

1 1

8={2"(n+ 1) [,,ul,i—n] (l:.;i)}l 2 (32)
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The dimensionless velocity gradient at the wall,
8(u/Uys)/8n, may be determined from Equations (10)
and (29) as

1

o(w/U) a(wU) oy 2r Ke \"
T )
Substituting the expression for 8, Equation (32), gives
1
n+l

aw/Uy) 23
oy 2{ (n+ 1)(2'*)126} (38)

The dimensionless shear stress at the wall becomes, from
Equation (4), the initial equality of Equation (18), and
Equation (33),

n

_n+l

domon] — 2
""'2{ (n+1)(2”)126} (84)

These quantities are shown in Figures 4 and 5 respectively
and in these figures they are also compared with exact
values. Figures 6, 7, and 8 show a comparison of the ap-
proximate velocity profiles and the exact profiles for n
equal 0.1, 1, and 2, respectively.

HEAT TRANSFER FROM AN ISOTHERMAL MOVING
FLAT SURFACE

A similarity solution for the thermal or energy bound-
ary-layer equation is not possible for non-Newtonian fluids
described by the power law (7). Therefore, other methods
must be considered for establishing rates of heat transfer
and temperature profiles. Once the velocity distribution
has been obtained, the two components of the fluid veloc-
ity, 4 and v, can be substituted into the thermal boundary-
layer equation. A solution to this equation will yield tem-
perature profiles and the rate of heat transfer at the iso-
thermal surface. Closed form solutions to this linear par-
tial differential equation are not possible and finite differ-
ence techniques must be used for an exact solution. The
integral technique used for the approximate solution of
the energy equation for Newtonian fluids can also be used
to obtain approximate results for the case of non-New-

1.0

o8l
0.6
0.4
-
e =)

0.2

5.0

1

Fig. 7. Comparison of the exact velocity profile with the profile
obtained using the integral approximation for fluids with n —= 1.
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tonian fluids.

The energy integral equation for non-Newtonian fluids
is identical to the energy integral equation for Newtonian
fluids, which is (4, 1I)

d 5T(u ) (30)
Us — il =—al— 3
g Jo \g ) 0=y ), D)
where
T—T,
0=—. (36)

and 37 is the thermal boundary layer thickness. The veloc-
ity profile given by Equation (29) may be used in Equa-
tion (35) together with the temperature profile.

=1-2(L)+2(L) - (L)
=1-2(2L L) (<
0=1 o +2 5 e

which is chosen to satisfy the appropriate boundary con-
ditions for the isothermal moving plate (4, 11).

After substituting Equations (29) and (37) into the
energy integral equation, Equation (35), and performing
the indicated integration, one obtains

d[(S 2 73 7
A — sl —a——a2— —at— 5
@) dx 100 15 140 60

e)l-5

where A is the ratio of the thermal boundary layer thick-
ness to the momentum boundary layer thickness, that is,

8
A=§=Au) (39)
This equation is subject to the boundary condition,
dr=0 at x=0 (40)

Since values of the Prandtl number for non-Newtonian
fluids are generally high, it is reasonable to assume that
the thermal boundary layer will be thinner than the mo-

[N}

0.8

0.6

M
3D
0.4
0.2
Approximate
Exact
(o] 1 L 1

Fig. 8. Comparison of the exact velocity profile with the profile
obtained using the integral approximation for fluids with n = 2.
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mentum boundary layer and A will be small. Dropping
all terms of order A% or higher in Equation (38) gives

d 20( @ )
A —(A)d=— | —
()3 3= (5 (41)
subject to
8r=0 at x =0 (42)
Integration yields
40 [/ ox
o 2(2)
@p == (5 (43)
or
40ax \1/2
8 =( ) 44
T 30, (44)

The temperature gradient at the continuous moving
surface can be calculated from Equation (37) as

(-G w

Thus, when A is small and the dropping of higher order
terms in Equation (39) can be justified, the heat transfer
to or from the moving continuous surface does not de-
pend on the flow behavior index, .

The following calculations show that for many physical
problems the assumption of A < 1 is indeed justified.

Substituting the value found for & in Equation (32)
into Equation (43) gives

1

n+l
A ( 40 )1/2 ( 23 )
3 (2n) (126) (n + 1)
3(1-n) 1 n—1
2(n+1) n+l 2(n+1)
ol Uy fIZ x (486)
If the Prandt]l number for power law fluids is defined as
Cprpx
Nep = ——~
l+n
k Ng.

then
1

n+l
A= (f?‘) (%) | ?(I%?%{ﬁ] (47)

In order to show the dependence of the ratio of the
boundary layer thickness, A, on x it is convenient to
multiply and divide the right side of Equation (47) by
xl-—n/2(l+n) giVing

1 40 \1/2
—— L (1)
n—1 3

1+n
(Nprx )12

1 n—1
n+l 2(1+n)
[ 23 x (48)
27(126) (n + 1)
For values of
n—1 !
1 Cp(Upn—3,n 11(2)“'n
+n n—3,n—
Nerx —=—2f # > 100

k

an analysis can be made (5), which shows that for
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pseudoplastic fluids

AL for x> 0.002
and for dilatant fluids in the range 1 <n = 2
ALl for x < 108

Thus Equation (48) is valid over essentially all of the
moving surface. Numerical integration of Equation (46)
confirms this result.

DISCUSSION AND CONCLUSIONS

The results of the numerical solution of the boundary-
layer momentum equation, which are plotted in Figure 2,
show that the dimensionless momentum thickness ©, the
dimensionless shearing stress at the wall, 7, and the
dimensionless displacement thickness, A®, increase as the
parameter n in the power law model decreases. When
these results are compared with the results of Acrivos,
et al. (1) for a flat plate with a leading edge, one sees
that the changes in the dimensionless momentum thick-
ness with changes in n are similar; however, for every
value of n considered, the dimensionless momentum thick-
ness for the moving continuous flat surface is larger than
the corresponding result listed by Acrivos, et al. (1).

This difference in the results is due to the fundamental
differences between the two problems (4, 9). In par-
ticular, fluid is entrained by the boundary layer for the
case of the moving continuous surface while in the case
of the finite stationery surface studied by Acrivos, et al.
fluid is ejected from the boundary layer. This fact may
account for the thicker boundary layer encountered on
moving continuous surfaces.

As shown in Figure 2, the value of the dimensionless
displacement thickness, A®, increases rapidly as n de-
creases toward 0.5. Although the asymptotic analysis
predicts that A* approaches infinity as n approaches 0.5,
the numerical integration of Equation (21) gives a value
close to 4 when n = 0.5. However, the numerical values
of A* computed for n = 0.25 and n = 0.1 are much
larger than this and it is probable that A* is infinite for
n < 0.5,

The integral solution to the momentum equation gives
rise to values of the dimensionless shearing stress at the
wall which are in good agreement with the exact solu-
tion. This is in spite of the fact that for n = 0.5, as shown
in Figure 4, the predicted value of ou/dy|. based on
the integral solution is a poor approximation to the exact
value. Acrivos, et al. (1) also found that for small values
of n the integral method gives acceptable results for the
dimensionless shearing stress, but that it does not give
acceptable results for du/dy|.. An examination of Figures
6, 7, and 8 shows that the assumed velocity profile which
is used with the integral method is a good approximation
forn = 1 and n = 2, but that it is very poor for n = 0.1.

A simplified integral solution of the energy equation
is presented and shown to be a valid integral solution
over most of the continuous surface. One should keep in
mind, however, that the solution presented is only an
integral solution and in particular the solution is depend-
ent on a velocity profile that does not predict the term
ou/dylw for n = 0.5 very well. The question of the
validity of the integral procedure cannot be resolved
completely until a solution for the problem has been
obtained by a method more exact than the integral method
presented here.

NOTATION
A = constant of integration, dimensionless
B = constant of integration, dimensionless
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= heat capacity of fluid, L2/#T
C,, ... = constants of integration, dimensionless
= stream function in terms of 4, dimensionless

QO
v
o

= asymptotic representation for f, dimensionless

= second order term in asymptotic representation
of f, dimensionless

dimensionless velocity gradient in terms of ¢
parameter in power law model, M/Lt?~"
thermal conductivity, ML/t3T

least upper bound of f, dimensionless

large positive number

non-Newtonian Prandtl number, dimensionless
non-Newtonian Reynolds number, dimensionless
parameter in the power law model, dimensionless
temperature of the fluid, T

velocity of the continuous moving surface, L/t
fluid velocity component in the x direction, L/¢
fluid velocity component in the y direction, L/t
coordinate of Cartesian system of axes, L
coordinate of Cartesian system of axes, L

= xR0
(I | O 1 1

¥

g
i

(|

Re R oM 22

Q
ll

Greek Letters

a = k/pC,, thermal diffusivity, L2/t

8 = (1/6)1/3

A = 8/37, dimensionless

A* = dimensionless displacement thickness

A = rate of deformation tensor, L/t?

b) = thickness of the momentum boundary layer, L

8r = thickness of the thermal boundary layer, L

8* = displacement thickness, L

€ = small positive number, dimensionless

e = dimensionless momentum thickness

0 = (T — T.)/{Tw — T.), dimensionless tempera-
ture

0 = momentum thickness, L

¢ = dimensionless velocity

P = fluid density, M/L3

mw = dimensionless shearing stress at the wall

T = shearing stress, M/Lt?

¢ = stream function, L2/t

Subscripts

i = iteration number

w = value taken at fluid solid interface
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